Introduction
Vertical wall breakwaters are usually designed as concrete caissons placed on the top of a rubble mound foundation or a rubble bedding layer. The purpose of the breakwater is usually to protect the area behind the breakwater from being¯ooded by large waves. The area protected can for example be a harbour of small or large importance, an important industrial area or a heavily populated coast line. This implies that vertical wall breakwaters are used under quite dierent conditions and therefore the consequences of a complete or partial failure also are very dierent. This implies that the accepted probability of failure also varies considerably which also can be observed from the actual observed failure rates.
A number of dierent failure modes are relevant to consider for vertical wall breakwaters (e.g. [1] ). Foundation failure modes include sliding of the breakwater relative to the rubble mound and dierent foundation failure modes with failure within the rubble mound and the subsoil (sand or clay). Hydraulic failure modes include wave overtopping, wave transmission and wave re¯ection. Structural failure modes involve failure or partial failure of the concrete caissons. In this paper only geotechnical failure modes are considered.
In order to estimate the reliability, stochastic models for the uncertain parameters in the limit state functions are formulated. The main horizontal and vertical (uplift) loading on vertical wall breakwaters are wave loads, including both pulsating and impact wave loads. Stochastic models for the wave loading are presented. These load models are partly based on laboratory tests. Therefore the related statistical and model uncertainties are included. Further stochastic models for the soil strength parameters are formulated. These models are based on the site speci®c information usually available and engineering judgment (prior information) and are formulated in such a way that updating using Bayesian statistics is possible. In this paper limit state functions are formulated for a number of possible geotechnical failure modes. The limit state functions are described using the upper bound theory of general plasticity theory assuming kinematically possible failure mechanisms. It is shown how the most critical failure modes can be modeled in a limit state function by minimizing the total virtual work with respect to the free parameters modeling the failure modes. As an example a reliability analysis is performed for the geotechnical failure modes for the Niigata West breakwater in Japan.
Failure modes
In Fig. 2 a typical vertical wall breakwater is shown. The following groups of geotechnical failure modes shown in Fig. 1 should be considered when analyzing vertical wall breakwaters [1±4]:
. sliding between bottom of caisson and top of rubble mound . slip failure in rubble mound . slip failure in rubble mound and sand subsoil . slip failure in rubble mound and clay subsoil 3. Stochastic models
Wave load
The main load for vertical wall structures is due to wave loading. Depending on the geometry of the rubble mound and the caisson the wave loading can be characterized as (e.g. [5] ):
. Quasi-static (pulsating) wave load which can be estimated using the Goda formula, [6] . The horizontal and the vertical wave pressure, see (Fig. 3) , can be determined as a function of the signi®cant wave height H at deep water. . Impact loading characterized by a very high load but with a very short duration. The impact loading which consists of a horizontal and a vertical (uplift) part can be estimated by the model in [5] or by an extension of the Goda formulae [7] . In this paper, impact loading is not considered explicitly and the possible undrained behavior of the rubble mound material and the sand subsoil is not taken into account. 
Wave height
The maximum signi®cant wave height H in the design lifetime T usually has to be modeled on the basis of a limited number N of wave height observations. Here an extreme Weibull distribution is used [8] :
where l is the number of observations per year. , u and H H are parameters to be ®tted to the observed data. In order to model the statistical uncertainty u is modeled as a Normally distributed stochastic variable with coecient of variation V u 1
À 1 q X The model uncertainty related to the quality of the measured wave data is modeled by a multiplicative stochastic variable U H which is assumed to be Normally distributed with expected value 1 and standard deviation equal to 0.05 or 0.2 corresponding to good or poor wave data. Further, the water level set-up due to storm wind and waves (storm surge) is dicult to estimate except for simple conditions (straight coastline and constant slope of sea bed). The uncertainty related to storm surge varies considerably with the environmental conditions. In the reliability analysis this uncertainty on the storm surge water level is modeled by a stochastic variable with mean zero and standard deviation equal to 0X05H X
Geotechnical parameters
In general, the material characteristics of the soil have to be modeled as a stochastic ®eld. The parameters describing the stochastic ®eld have to be determined on the basis of the measurements which are usually performed to characterize the soil characteristics. Since these measurements are only performed in a few points statistical uncertainty due to few data points is also introduced and has to be included in Fig. 3 . Wave induced quasi-static load according to Goda [6] . the statistical model. Further, the uncertainty in the determination of the soil properties and the measurement uncertainty have to be included in the statistical model. In the literature the undrained shear strength of clay is often modeled by a logGaussian distributed stochastic ®eld c u xY z f g(e.g. [9] ). The expected value function E c u xY z and the covariance function C c u x 1 Y z 1 Y c u x 2 Y z 2 can typically be written:
where x 1 Y z 1 and x 2 Y z 2 are two points in the soil. E c u z models the expected value of the undrained shear strength in depth zX C c u x 1 À x 2 Y z 1 À z 2 models the covariance between c u at position x 1 Y z 1 and c u at position x 2 Y z 2 X It is seen that the expected value depends on the depth and the covariance depends on the vertical and horizontal distances. Generally, the correlation lengths in horizontal and vertical direction will be dierent due to the soil strati®cation.
The statistical parameters describing E c u z and C c u x 1 À x 2 Y z 1 À z 2 should be modeled using Bayesian statistics such that prior, subjective knowledge on the values of the parameters can be combined with measurements from the actual site (e.g. [10] ). In practical calculations the stochastic ®eld is discretized taking into account the correlation lengths of the ®eld. If an integral over some domain is used, the expected value and the standard deviation of this integral can be evaluated numerically as shown in Section 4 below.
Since the breakwater foundation is made of friction material and it is assumed that foundation failure modes can develop both in the rubble mound and in the sand subsoil, statistical models for the eective friction angle and the angle of dilation are needed for the rubble material and the sand subsoil. In this paper these angles are modeled by Lognormal stochastic variables, i.e. the spatial variation is not taken into account.
Model uncertainty connected to the mathematical models for the geotechnical failure modes used to estimate the soil strength can be important due to the relatively high uncertainty related to the models used. If slip failure models based on the upper bound theorem of plasticity theory are used these can be evaluated by comparison with results from more re®ned numerical calculations using nonlinear ®nite element programs with realistic constitutive equations implemented for the soil. Estimates of the model uncertainties can then be obtained by comparing the results. The estimates of the model uncertainties should also to some degree depend on professional, subjective insight into the failure modes considered.
As mentioned above, the bearing capacities related to the geotechnical failure modes are in this paper estimated using the upper bound theorem of classical plasticity theory where an associated¯ow rule is assumed. However, the friction angle and the dilation angle for the rubble mound material and the sand subsoil are usually dierent. Therefore, in order to use the theory based on an associated¯ow rule, the following reduced eective friction angle 9 d is used [11] :
where 9 H is the eective friction angle and 2 is the dilation angle.
Reliability analysis
The failure modes described in Section 2 can be characterized as ultimate limit states and the probability of failure within the design lifetime T can then be estimated by
where g i X is the safety margin for failure mode no i and X is a vector with the stochastic variables. is the system reliability index corresponding to the probability of failure P f estimated by FORM analysis [12, 13] . ÈÁ is the distribution function for a standard Normally distributed stochastic variable. The probability of failure P f i for each failure mode is also determined by FORM:
where i is the reliability index for failure mode iY i is a unit vector with elements indicating the relative importance of the stochastic variables and U is a vector with standardized Normally distributed stochastic variables. For a given kinematically admissible failure mechanism the internal work for an in®nitisimal displacement 1 is denoted by W sYi Y X where is a vector with the free parameters describing the mechanism. Correspondingly the external work for the in®nitisimal displacement is denoted by W iYi Y XX The limit state function is written
where the minimization of W sYi Y X À W iYi Y X is performed with respect to . Further, constraints can be added to (6) in order to limit the displacements and to describe the displacements of the failure mechanism.
Ten limit state functions are formulated for the following failure modes:
. . failure in rubble mound and clay subsoil 8. rupture in subsoil along bottom of rubble mound 9. rupture in rubble mound and sand subsoil Ð mode 1 10. rupture in rubble mound and sand subsoil Ð mode 2
In the following limit state functions are formulated for failure modes 1, 2, 3 and 9. The Appendix contains the limit state functions for the other failure modes.
Sliding between caisson and bedding layer/rubble foundation Ð failure modes 1 and 2
The failure mechanism consists of horizontal sliding on the bedding layer (see Fig.  4 ). The limit state function is written:
where:
F q weight of caisson reduced for buoyancy F wave induced uplift F r horizontal wave force The eective width B z of the caisson is determined such that the resultant vertical force F q À F is placed B z a2 from the heel of the caisson (see Fig. 5 ). The failure mechanism consists of a unit displacement along the line AB and is described by the angle of the rupture line. The area of zone 1 can be written:
The limit state function is written gX min
where F q weight of caisson reduced for buoyancy F wave induced uplift F r horizontal wave force s unit weight of rubble material w unit weight of water The failure mechanism consists of a unit displacement 1 along the line BC (Fig.  6) 
Example
The Niigata West breakwater in Japan is considered. The geometry is shown in Fig. 7 . The caisson width is B 15 m. The subsoil mainly consists of sand, but no The model uncertainty related to the Goda wave load model can be signi®cant. The uncertainty is modeled by multiplicative stochastic variables U p r (horizontal force), U w r (horizontal moment), U p (uplift force) and U w (uplift moment). The correlation coecient is assumed to be 0.9 for U p r and U w r and 0.9 for U p and U w X All other stochastic variables are independent. The reliability analysis is performed both for the case where model tests are performed and for the case where model tests are not performed.
The tidal elevation 8 is modeled as a stochastic variable with distribution function
where 8 0 is the maximum tidal height. The design lifetime is T 50 years. The complete stochastic model is shown in Table 1 . Table 2 shows the results of a reliability analysis of the breakwater where the failure mode numbers refer to Section 4 and the Appendix. It is seen that the failure modes 1, 3, 7 (for sand subsoil) and 10 (for clay subsoil) are the most important. If no model tests are performed the system reliability index is 0X86 for sand subsoil and 0X92 for clay subsoil. If model tests are performed the system reliability indices increases to 1X20 for sand subsoil and 1X29 for clay subsoil. Since other civil engineering structures, e.g. bridges, usually have reliability index levels in the range from 3.7 to 5.2 (probabilities of failure from 10 À4 to 10 À7 ) the considered vertical wall breakwaters has a reliability level which is signi®cantly smaller. However, this is also observed from reliability analyses for other breakwaters.
The results of sensitivity analyses are shown in Tables 3 and 4 . The results in Table 3 show that if no model tests are performed the most important stochastic variables are H Y uY U p r Y f (for sliding), 9 1 and U (modeling the uncertainty in strength of clay subsoil). If model tests are performed then as expected the importance of U p r is decreased and the importance of UY & c Y 9 1 and 9 2 are increased. Especially the importance of the model uncertainty U p r is decreased signi®cantly when tests are performed.
In Table 4 so-called reliability elasticity coecients e p d dp p are shown. p is a deterministic parameter, here the expected value for some of the stochastic variables. From Table 4 it is noted, that if the width of the caisson is increased by 1 m then the reliability indices are approximately increased by 10% and if the expected lifetime is decreased by 10 years the reliability indices are approximately increased by 1±4%. Table 4 Reliability elasticity coecients e p d dp p for expected value of some parameters: model tests performed/ no model tests performed 
Conclusion
Limit state functions are formulated for the most signi®cant foundation failure modes for vertical wall breakwaters. The limit state functions are described using the upper bound theory of general plasticity theory assuming kinematically possible failure mechanisms. It is shown how the most critical failure modes can be modeled in a limit state function by minimizing the total virtual work with respect to the free parameters modeling the failure modes.
Further stochastic models for the main uncertainties related to wave loading and the geotechnical parameters related to sand and clay subsoil are presented. Based on these models it is shown how reliability analyses of vertical wall breakwaters can be performed using FORM and simulation. As an example a reliability analysis is performed for the geotechnical failure modes for the Niigata West breakwater in Japan. A reliability analysis is performed on the basis of the available limited information. The analysis shows that compared with other civil engineering structures the reliability level is signi®cantly smaller.
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Appendix. Limit state functions
A.1. Failure in rubble mound Ð failure mode 4
The failure mechanism consists of a unit displacement 1 along line AB. The limit state function is written
where 3 1 sin9 d 1 À a os 9 d 1 and 3 1r os9 d 1 À a os 9 d 1 X W 1 is the work from the selfweight in zone 1 with area A 1 :
W 2 is the work from the selfweight in zone 2:
where r gh is the length of CD. is shown in Fig. A1 and 3 1 1a os 9 d 1 X W 3 is the work from the selfweight in zone 3 with area A 3 :
where
The following constraints to the minimization problem in (A1) are used: 04 044 À ( 0Y is defined in pigX eI
A.2. Failure in rubble mound and sliding along top of subsoil (clay/sand) Ð failure modes 5 and 8
The failure mechanism consists of a unit displacement 1 along top of subsoil. For sand subsoil the limit state function is written (failure mode 5) (Fig. A2 )
where A 1 is the area of zone 1. For clay subsoil the limit state function is written (failure mode 8) where c u is the undrained shear strength of clay and l fg is the length of BC.
A.3. Failure in rubble mound and sand subsoil, failure mode 6
The failure mechanism consists of a unit displacement 1 along line AB. The limit state function is written gX min
W 2 is the work from the selfweight in zone 2 with area A 2 and 3 2V 3 1 :
W 3 is the work from selfweight in zone 3:
where r hp is the length of DF. 5 is shown in Fig. A3 The following constraints to the minimization problem are used:
h ss B z a b 4 rupture line should enter the susoil
A.4. Failure in rubble mound and sand subsoil, failure mode 7
The failure mechanism consists of a unit displacement 1 along line AB. The limit state function is written:
W 2 is the work from the selfweight in zone 2 with area A 2 and 3 2 3 1 :
W 3 is the work from selfweight in zone 3: where r hs is the length of DI. 5 is shown in Fig. A4 A.5. Failure in rubble mound and clay subsoil, failure mode 10
The failure mechanism consists of a unit rotation 1 about point D. W 1 is the work from the selfweight in zone 1 with area A 1 where l ei is the length of AE and x h is shown in Fig. A5 :
W 2 is the work from the selfweight in zone 2 with area A 2 :
W 3 is the work from the selfweight in zone 3:
The internal work from rupture along circle BC is gX min where x h and y h are the x-and y-coordinates of point D.
If c u is modelled as a stochastic ®eld the limit state function is written:
gX min 
